Abstract. We investigate the structure of groups in which commutativity is a transitive relation on non-identity elements (CT-groups). A detailed study of locally nite, polycyclic, and torsion-free solvable CT-groups is carried out. Other topics include xed-point-free groups of automorphisms of abelian torsion groups and their cohomology groups.
Introduction
De nition. A group G is called a CT-group if x; y] = 1 and y; z] = 1 imply that x; z] = 1, for all nontrivial elements x; y; z 2 G. In other words, the relation of commutativity is transitive on the set Gnf1g.
In other papers, CT-groups have been called CA-groups since the centralizer of every non-identity element is abelian. Obvious examples of CT-groups include abelian groups and free groups; the Tarski groups, which are simple groups with all proper subgroups cyclic, are also CT-groups (see 9], Theorem 28.3). This shows how complicated the structure of CT-groups can be. Finite CT-groups were rst studied by Weisner 14] in 1925. He proved that such nite groups are either solvable or simple and also obtained information on the structure of nite solvable CT-groups. However, there is a serious error in his proof. We shall give a correct proof, and obtain a structure theorem: a nite solvable CT-group is the semidirect product of its Fitting subgroup F by a xed-point-free group of automorphisms of F (Theorem 9). Subsequently, Suzuki 13] proved in 1957 by using character theory that every non-abelian simple CT-group is isomorphic with some PSL(2; 2 f ), f 2. Recently CT-groups have been studied by Fine, Gaglione, and others in 3].
An obvious observation about CT-groups is that their Fitting subgroups are abelian. The Fitting subgroups play a signi cant role in the study of solvable CTgroups. Our main result (Theorem 10) not only shows this but also motivates us to explore xed-point-free groups of automorphisms of abelian groups. In Section 2, we inquire about the structure of abelian torsion groups which have a xed-point-free torsion group of automorphisms. A key result here is the following: a nite abelian group has a xed-point-free group of automorphisms if and only if the numbers of cyclic direct summands of its p-components have greatest common divisor greater than one for each prime p (Theorem 2). Moreover the above result can be easily extended to divisible abelian groups. In addition, we study cohomology groups Date: May 22, 1997. This paper is achieved under the advice of Professor Derek Robinson. 1 under xed-point-free actions. It turns out that the cohomology group of a locally nite group with coe cients in an abelian torsion group under the xed-pointfree action vanishes (Theorem 6). In contrast to abelian torsion groups, abelian groups which are not torsion do not have vanishing cohomology theorems under xed-point-free actions (see the last part of Section 2). Then in one of our main results, we characterize locally nite CT-groups, where analogous results hold for both solvable and insolvable groups (Section 3). In the light of these results, we see that the class of locally nite CT-groups is quotient closed (Theorem 12), a property that does not hold for CT-groups in general.
The structures of polycyclic CT-groups and torsion-free solvable CT-groups are explored in Section 4. There are two types of abelian-by-nite polycyclic CTgroups: a split extension of the Fitting subgroup F by a nite cyclic xed-point-free group of automorphisms of F and an extension of F by a generalized quaternion group Q in which every extension of F by a quaternion subgroup of Q is nonsplit. (Theorem 14) . It is a subtle matter to describe groups in the latter case. Moreover, we show that if a polycyclic CT-group is not abelian-by-nite, then it is a nite extension of an extension of one free abelian subgroup by another with xed-pointfree action (Theorem 16). Essentially every polycyclic CT-group of this sort is constructed from algebraic number elds.
On the other hand, we construct examples of nitely generated torsion-free solvable CT-groups with arbitrary derived length using standard wreath products, thus showing that such groups have complicated structure. We also show that all free solvable groups are CT, and hence the class of solvable CT-groups is not quotient closed.
2. Abelian Groups Admitting A Group of Fixed-point-free
Automorphisms
We say that a subgroup H of the automorphism group of a group is xedpoint-free if every nontrivial element of H is xed-point-free. We shall see that xed-point-free automorphism groups are intrinsically involved in the study of CTgroups, especially solvable CT-groups (see Section 3). In fact, a solvable locally nite CT-group is a split extension of its Fitting subgroup F by a locally cyclic xed-point-free group of automorphisms of F (see Theorem 10). Our attention is therefore directed at two problems: (i) What kinds of abelian torsion groups have a torsion xed-point-free group of automorphisms? (ii) When are all extensions of an abelian torsion group A by a xed-point-free group of automorphisms of A split? We note that an abelian group A has a non-trivial torsion xed-point-free group of automorphisms if and only if A has a xed-point-free automorphism of prime order. Henceforth, we may restrict ourselves to the case where A has a xed-point-free automorphism of prime order. The following is a technical lemma. ) ei like a ij . In A 2 , if r k1 = n, a nite number, then form a nite eld GF(p n k ) and consider a nontrivial element a k of order q of the multiplicative group of GF(p n k ). Then a k acts on GF(p n k )
xed-point-freely. By Lemma 1, a k extends to a xed-point-free automorphism a k1 of (Z p 1 k ) n of order q. If r k1 is in nity, then just as for A 1 , we have a xedpoint-free automorphismã k1 of (Z p 1 k ) rk1 which acts on each (Z p 1 k ) ek like a k1 , a xed-point-free automorphism of order q constructed as for A 1 , where e k is the exponent of p k mod q. Collecting all xed-point-free automorphisms constructed as above on each summand, we nally get a xed-point-free automorphism on A with order q.
In order to answer the second question, we will study the cohomology of a group G with coe cients in a G-module A where G acts xed-point-freely on A. First we quote a theorem about the structure of a xed-point-free automorphism group of a nite group. Proposition 5. Let G be a group. If A is a nite G-module on which G acts xed-point-freely, then H n (G; A) = 0 for all n. Proof. Note that G must be nite. If G has even order, then G has a unique involution in the center; otherwise by Theorem 4, G is metacyclic. In any event, G has a nontrivial cyclic normal subgroup, say generated by g. Since G acts on A xed-point-freely, A hgi = fa 2 A j a g i = a, for all g i 6 = 1 g = 0 and g ? 1 is an automorphism of A because A is nite. Hence H 2m (hgi; A) = H 2m+1 (hgi; A) = 0 for all m. Consider the short exact sequence hgi G G=hgi:
Applying Lyndon-Hochschild-Serre spectral sequence for cohomology, we get E ij 2 = H i (G=hgi; H j (hgi; A)) ) H i+j (G; A):
This implies that H n (G; A) = 0 for all n. This result can be extended to the case where A is torsion and G is locally nite. and using the fact that Ker i = 0, for i 2, we get that b i = a i + b i+1 i+1 for all i and so the subgroup of E generated by x i b i , for all i, is a complement of A. We conclude that there is a one-to-one correspondence between elements of A and the set of extension classes (e), and under the correspondence the split extensions are associated with elements in the image of . Now assume that A is countable. Then the image of is countable. But A, and hence H 2 (G; A), is uncountable.
A speci c example may be given as follows.
Example. Let K be the eld obtained from Q by adjoining x i for i = 1; 2; : : :, where x i is a primitive p i th root of unity and x p i+1 = x i . Let G be the multiplicative group generated by x i for all i, and let A be the additive subgroup generated by the powers of x 1 ; x 2 ; : : :. Then A is a G-module via eld multiplication. It is clear that A A 2 since the underlying set of A forms a subring of K and A 2 is an ideal of A but 2 is not a unit. Moreover, A is countable, so we obtain that H 2 (G; A) 6 = 0.
3. The Structure of Locally Finite CT-groups Weisner showed that a nite solvable CT-group contains a normal maximal abelian subgroup whose quotient is cyclic in 14]. However, his proof relies on a faulty result on Frobenius complements in Burnside's book 2] (see 5], p. 500 for a counterexample). A correct proof is given and the structure of nite solvable CT-groups is described in Theorem 9. On the other hand, we shall show that the major theorems of nite CT-groups can be carried over, with suitable modi cation, to locally nite CT-groups.
Lemma 7. Let G be a group and N a normal abelian subgroup of G. If G=N is CT and G=N acts on N xed-point-freely by conjugation, then G is CT.
We omit the very easy proof. The following theorems give the classi cation of nite CT-groups. Theorem 10. If G is a solvable locally nite CT-group, then G = H n F, where F = Fit G is abelian and H is a locally cyclic group of xed-point-free automorphisms of F. Moreover, any two complements of F are conjugate in G. Conversely, if F is an abelian locally nite group and H is a locally cyclic group of xed-pointfree automorphisms of F, then G = H n F is a solvable locally nite CT-group.
Proof. Assume that G is nontrivial, so F is nontrivial. Theorem 6 implies that H n (G=F; F) = 0, for n = 1; 2, so G splits over F and any two of complements of F are conjuagate in G. Write G = H n F. Let H 0 be a nite nontrivial subgroup of H and let a be a nontrivial element of F. Then F 0 = a H0 , a subgroup generated by a h for all h 2 H, is nite and H 0 acts xed-point-freely on F 0 . Thus H 0 nF 0 is CT and H 0 is cyclic by Theorem 9. Hence H is locally cyclic. The converse statement follows by a similar proof to that of the previous theorem.
Theorem 11. An insolvable locally nite group G is CT if and only if G ' PSL(2; F), for some locally nite eld F of characteristic 2 with jFj 4.
Remark. A eld is locally nite if every nitely generated sub eld is nite. So the elds allowed in Theorem 11 are the sub elds of the algebraic closure of GF(2). Proof. Let G be insolvable CT and locally nite. Then G must have a nite insolvable subgroup. Otherwise, by Theorem 9, every nite subgroup of G is metabelian and so is G, a contradiction. It follows that every nite subgroup of G is contained in some nite insolvable subgroup. Since every nite insolvable subgroup is isomorphic to PSL(2; 2 m ), for some m 2, every nitely generated subgroup of G, whether is solvable or not, has a faithful representation of degree 2 over a eld of characteristic 2. By a well-known theorem of Mal'cev 7], G has a faithful representation of degree 2 over some eld F 0 of characteristic 2. Consequently, G is a simple linear torsion group. By a theorem of Winter 15] , G is countable, say G = fg 1 ; g 2 ; g 3 ; g. We can choose a nite insolvable subgroup G 1 such that g 1 is the zero endomorphism of F, where x 2 H and n = jxj, and it also induces a zero endomorphism on F=N. Thus G=N is CT by Theorem 10 and so the result follows.
4. Infinite Solvable CT-Groups Since the structure of nite solvable CT-groups is well understood from our previous work, we may con ne ourselves to in nite solvable CT-groups in the section. We shall study the structures of polycyclic and torsion-free solvable CT-groups.
Structure of Polycyclic CT-Groups We shall obtain some results of a qualitative nature about the structure of polycyclic CT-groups and establish a connection between these groups of and algebraic number elds.
Let G be an in nite polycyclic CT-group and let F be its Fitting subgroup. Then F is abelian and contains a torsion-free normal abelian subgroup. If F is not torsion-free and T is the torsion-subgroup of F, then C G (T) = C G (F) = F, G=F is isomorphic with some subgroup of Aut T, and hence G is abelian-by-nite. Assume that F is torsion-free. If G=F is nite, then G is still abelian-by-nite. Now we assume that G=F is in nite. A theorem of Mal'cev in 8] says that G is nilpotent-by-abelian-by-nite. Hence G=F is abelian-by-nite. We may nd a normal subgroup G 1 of G of nite index such that G 1 =F is torsion-free abelian. Note that Fit G 1 = F. It follows that G 1 =F acts on F xed-point-freely. By Theorem 1 on page 44 in 12], G 1 has a subgroup G 2 of nite index such that G 2 = X n F, where X acts on F xed-point-freely. Replacing G 2 by its core in G, we may assume that G 2 is normal in G. To sum up, G has a normal subgroup X n F of nite index, where X and F are free abelian groups of nite rank.
By the above arguments, there are two types of in nite polycyclic CT-groups: (i) nite extensions of a nitely generated abelian group and (ii) nite extensions of one nitely generated free abelian group by another.
De nition. Let X be a group and let A be an X-module. Then A is X-rationally irreducible if (i) A is a torsion-free abelian group, and (ii) A Q is an irreducible QX-module. This is equivalent to every nontrivial X-submodule of A having nite index as a subgroup of A if A is nitely generated.
Lemma 13. Let X be a group, let A be a free abelian group of nite rank which is an X-module, and let X act on A xed-point-freely. Then A has a series such that every factor is X-rationally irreducible and X acts on every factor xed-point-freely. Proof. First we show how to form a series with X-rationally irreducible factors. If A is X-rationally irreducible, nothing needs to be done. Assume that A is not X-rationally irreducible, then there exists a nonzero X-submodule of A of in nite index, and so the family F consisting of nonzero X-submodules of A with in nite index is nonempty. Since A satis es the maximal condition on subgroups, there is a maximal element A 1 in F. It is straightforward to show that A=A 1 is free abelian and A=A 1 is X-rationally irreducible. Then the result follows by induction on the rank of A.
Next, we shall prove that X acts xed-point-freely on each factor. It su ces to show that the action of X on F 1 = A=A 1 is xed-point-free. By choosing a suitable Z-basis of A, we can assume that each x 2 X is represented by an integral matrix of the form M = M 1 0 N M 2 : where the action of x on F 1 is described by M 2 . Since X acts on A and A 1 xedpoint-freely, det M and det M 1 are 1 and both det(M ? I) and det(M 1 ? I) are nonzero. It follows that det M 2 = 1 and det(M 2 ? I) 6 = 0. Thus X acts on F 1 xed-point-freely. We conclude that A has a series in which every factor is X-rationally irreducible and X acts on each factor xed-point-freely.
Structure of Abelian-by-Finite Polycyclic CT-Groups Let G be an abelian-by-nite polycyclic CT-group, with F the Fitting subgroup of G, and T the torsion subgroup of F. Here G=F is nite. If T is nontrivial then C G (T) = F, and so G=F acts xed-point-freely on T via conjugation. If F is torsion-free, let p be a prime not dividing the order of G=F. Then G=F acts on F=F p xed-point-freely. So in any case, G=F acts xed-point-freely on a nite group. Since G=F is solvable, a minimal normal subgroup of G=F is an elementary abelian p-group, and so is cyclic by Theorem 4. Thus G=F is supersolvable by a theorem of Huppert 4] and its elements of odd order form a normal subgroup by Theorem 5.4.9 in 11]. We now are able to describe the structure of polycylic CT-groups of this type. Theorem 14. Let G be an abelian-by-nite polycyclic group and let F be its Fitting subgroup (which is abelian). Then G is a CT-group if and only if one of the following holds:
(a) G = hxi n F where hxi is a nite xed-point-free group of automorphisms of F.
(b) Q := G=F is a generalized quaternion group of xed-point-free automorphisms of F and res Q Q0 ( ) 6 = 0 for every quaternion subgroup Q 0 of Q with order 8, where is the cohomology class of the extension F G Q. Proof. Assume that G is a CT-group. By the discussion before the theorem, the elements of G=F of odd order form a normal subgroup O. (b) The remaining case is when Q = G=F is a generalized quaternion group. Suppose that there is a quaternion subgroup Q 0 with res Q Q0 ( ) = 0; then G has a subgroup isomorphic with Q 0 n F. This cannot occur since G is CT.
The converse is obvious for Case (a). Assume that G is the extension of F corresponding to with res Q Q0 ( ) 6 = 0 for every quaternion subgroup Q 0 of Q.
Suppose that G is not CT and g is a nontrivial element in GnF with nonabelian centralizer C. Since C \ F = 1, C ' CF=F, which is a nonabelian subgroup of Q.
Note that C has order not less than 8 and Q has a unique element of order 2. Hence C contains a quaternion subgroup Q 0 of order 8. However, CF is a split extension of F by C and so it has a subgroup Q 0 n F. This means that res Q Q0 ( ) = 0, a contradiction.
Remarks. (1) Note that (a) can occur with hxi of any nite order. The reason is as follows. Suppose for the moment that Q 0 = G=F is a quaternion group of order 8. If F is not torsion-free, then by Theorem 6, H n (Q 0 ; T) = 0 for all n where T is the torsion subgroup of F. Hence H 2 (Q 0 ; F) = H 2 (Q 0 ; F=T). So we may assume that F is torsion free. By Lemma 13, F has a series F = F 0 > F 1 > > F m = 1 in which every factor K i = F i?1 =F i is Q 0 -rationally irreducible and Q 0 acts on each K i xed-point-freely. For convenience, we may x one factor K i and drop the subscript. Thus K Q is a faithful simple QQ 0 -module and Q 0 acts on K xed-point-freely. Note that the simple decomposition of QQ 0 is Q Q Q Q D where D is the division ring of rational quaternions. Consequently, K Q is isomorphic with the ring of rational quaternion as QQ 0 -modules, and hence K is either isomorphic to the ring of integral quaternions or the Hurwitz ring of quaternions (see 1], p. 245). Suppose that every Q 0 -rationally irreducible factor K i is isomorphic to the ring of integral quaternions; then H 2 (Q 0 ; K i ) = 0 for each K i . This implies that H 2 (Q 0 ; F) = 0. Thus G is a split extension of F by Q 0 , which cannot occur since Q 0 is not CT. Now if Q is a generalized quaternion group, then it has a subgroup Q 0 isomorphic to the quaternion group of order 8. Hence G has a subgroup which is a split extension of F by Q 0 , a contradiction.
Structure of Polycyclic CT-Groups That Are Not Abelian-by-Finite Let G be a polycyclic CT-group which is not abelian-by-nite. Then G has a normal subgroup X n F of nite index where X and F are free abelian of nite rank and X acts on F xed-point-freely. First of all, we quote a known result and then use it to construct examples. Here we show how to use algebraic number elds to construct concrete examples of polycyclic CT-groups of this type. We start with nitely many number elds K i , and let o i be the ring of algebraic integers of K i . Suppose that X is a free abelian group with monomorphisms i : X ! o i where o i is the unit group of K i . Also assume that F i is the subring of o i generated by the image of i . Note that X and F i are free abelian groups of nite rank as groups. For each i, we claim that F i is rationally irreducible as an X-module. We drop the index i and identify X with the image of i . Let H be a nontrivial X-submodule of F and let f be a nontrivial element in H. It is clear that H is an ideal of F. Note that f ?1 belongs to the sub eld generated by F and that there is a positive integer m such that mf ?1 2 F. This implies that m 2 H. So mF H and the claim holds. Next take A to be the direct sum of all the F i . By the construction of F i , X acts on A xed-point-freely. By Lemma 7, X n A is a CT, and of course, polycyclic group.
Conversely, we obtain the following result, which shows how algebraic number elds are the principal constituent in a polycyclic CT-group of the second type.
Theorem 16. A polycyclic CT-group G which is not abelian-by-nite has a normal subgroup X n F of nite index, where F is the Fitting subgroup of G, X and F are free abelian groups, and F has a series in which each factor H i is X-rationally irreducible with xed-point-free X-action. Moreover, H i is isomorphic to an additive subgroup of the ring of algebraic integers of a number eld K i , and X is embedded in the unit group of K i . Proof. By the discussion in the beginning of the section, we have obtained a normal subgroup X n F. By Lemma 13, F has a series whose factors are rationally irreducible with the group X acting xed-point-freely on each factor H i , and hence X acts faithfully on each H i . Thus, by applying Proposition 15, the factor H i = F i =F i+1 and X can be embedded into the ring of algebraic integers of a number eld as described in the theorem.
Remark. Let X and F be as in Theorem 16.
We may ask if F is a direct sum of X-rationally irreducible submodules. Unfortunately, this may not be true. For instance, let X be an in nite cyclic group, and let F = F 1 F 2 where F 1 and F 2 are free abelian of rank 2 with xed bases. Assume that the generator x of X acts on F according to the matrix
where M 1 is the companion matrix of x 2 + x ? 1 and I is the 2 2 identity matrix.
By choosing a suitable basis, we may write
We draw attention to the following properties. 5. Torsion-free Solvable CT-Groups In this section, we investigate some types of torsion-free solvable CT-groups which show that such groups are widespread and can have complex structure (e.g., unbounded derived length). Our rst example arises from standard wreath products.
Theorem 17. Let G = H o K, the standard wreath product, where H and K are nontrivial groups. Then G is a CT-group if and only if H is abelian and K is a torsion-free CT-group. Corollary 18. There exist nitely generated solvable CT-groups with arbitrary derived length.
For example, Zo (Zo o (Zo Z)), the standard wreath product of n copies of Z, is a nitely generated torsion-free solvable CT-group with derived length n.
As far as the closure property is concerned, we mention that the class of solvable CT-groups is far from being quotient closed as illustrated by our last results.
Theorem 19. Let R F G be a presentation of a group G. If G is torsionfree, then G acts on R ab := R=R 0 xed-point-freely. In addition, if G is a CT-group, then F=R 0 is CT. Proof. By Theorem 11.4.8 in 11], R ab is G-isomorphic with I R =I F I R , a G-submodule of I F =I F I R where I F is the augmentation ideal of ZF and I R is the augmentation ideal relative to R. Furthermore, by Theorem 11.3.4 (i) in 11], I F =I F I R is a free ZG-module. Since G is torsion-free, it acts xed-point-freely on ZG and so on I R =I F I R . Now the rst assertion holds. Also the second statement follows from Lemma 7. Corollary 20. All free solvable groups are CT.
